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Guarantees



Lowner-John ellipsoid of intersection of ellipsoids

John ellipsoid:
maxgpcrn  vol(Ep)
subject to: Ep CC.

Theorem: Unique Ep* and (C e
symmetric): K '
£ CC CVnEp. \ |

Conjecture (Proved for aligned axes or A
m = 2): C intersection of m ellipsoids
(joint eccentricity &, | = min(n, m)):
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Ep CC C y/min(n,m)&p. v
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Linear inclusions and switched systems

Matrices A, ..., A, € R™",

Switched system

Xk = Aoy Xk—1, Ok € [m]

p(A) = minscrny
subject to: AT?S cS, ie[m].

psos-24(A): for polyset S of degree 2d.

Guarantee

p(A) < psos-2d(A) < azdp(A)

a2 = +/min(n, m)

1
= min M el = m -
Q24 = I d ) .

§4.2, §5.1, §5.2

Labelled graph G(V, E).

Constrained switched system

Xk = Ay Xk—1, (Uk—1, Uk, 0k) € E
p(G, A) = mins,croucv Y
subject to: ATUSU CS,,(u,v,0) €E.

psos-24(G, A): for polysets S, of
degree 2d.

Guarantee

(G, A) < psos-24(G, A) < azgp(G, A)

az = y/min(n, 2h(E))

1
2d
Q24 = min (<n+31>,2h(t_)> .



Conic duality

Infeasibility certificate u, for polysets — invalid for generic set program.
Rounding procedure generates switching sequence:

If , take xo:

o1 = argmax fio ({xi/[Ixcll2}),  Xir1 = Aoy Xk
Guarantee
1
ki@o”AUl e 'AGkH b= p(G, -A) = p505-2d(G7A)'
Else, take po(x) SOS:
Ok+1 = arg max(ug, Pk(X)>v Pk+1(X) = Pk(Aok“X)

Guarantee

_ h(E) . 1
2727 psos-24(G,A) < k'me\|Aol - Agll* < p(G, A) < psos-2d(G, A).
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Geometric duality

Discrete-time

CSi C ES;.

Inequality with support function or polar:

VzeR", 6°(C'z|S) <6 (E'z|S))
VzeR, g(S,C'z)< g(S7, E'2).

Continuous time
Vx € 8Si, Cx € ETs,(x).
Inequality with support function or polar:

Vz e R, (z, CV§*(E 2|5;)) <0
VzeR',(z,CVg(SH,E z)) <0.
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Controlled invariant set

Discrete-time
Xk+1 = Axk + Buy.
Controlled invariance of S:

Vx € §,3u,Ax + Bu € S.

Equivalent to

7T|m(B)LS g 7T|m(B)LAS.
Continuous time

x(t) = Ax(t) + Bu(t).
Controlled invariance of S:

Vx € S, 3u, Ax + Bu € Ts(x).

Equivalent to
Vx € 68,7T|m(3)¢ Ax € WIm(B)J- TS(X).
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Applications




Model Predictive Control

Truck acceleration [m/s?]
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Stochastic Programming

No relatively complete recourse:
e feasibility cuts or
e penalization.

— Slow down Stochastic Dual Dynamic
Programming.

Feasibility part of stochastic program — hybrid
control algebraic system.

Controlled invariant set ensures relatively
complete recourse.



Information Theory

Invariant under inner- and self-adhesivity.

iask(h)={g€&w |VICLCINK, g =hirny+hink—h}, [=J0K,
saj(h)={g€&w |VICLC I NK,gL=hy+herk—h}, 1<,

Generate feasibility cuts with Dual Dynamic Programming.

§7 11



Conclusion

Set programs allow to model many important problems.

e Guarantees for templates can be developed for subclasses.
d.

e Infeasibility certificate for a template may be rounc
e Geometric similarities of different templates.

Geometric duality enable reformulation in functional inequality.
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