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Set Program

min
S1⊆Rn1 ,...,SN⊆RnN

f (S1, . . . ,SN)

subject to: gi (S1, . . . ,SN) ⊆ hi (S1, . . . ,SN), i = 1, 2, . . . ,M.

Linear inclusion

ASi ⊆ Sj ,

Si ⊆ A−1Sj .

Algebraic inclusion

Si ⊆ π[ni ],ni+m

[
A B

]−1

Sj ,

CSi ⊆ ESj .
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Guarantees



Löwner-John ellipsoid of intersection of ellipsoids

John ellipsoid:

maxEP⊆Rn vol(EP)

subject to: EP ⊆ C.

Theorem: Unique EP
⋆ and (C

symmetric):

E⋆
P ⊆ C ⊆

√
nE⋆

P .

Conjecture (Proved for aligned axes or

m = 2): C intersection of m ellipsoids

(joint eccentricity κ, l = min(n,m)):

E⋆
P ⊆ C ⊆

√
lκ2

l − 1+ κ2
E⋆
P .

If κ → ∞, then

E⋆
P ⊆ C ⊆

√
min(n,m)E⋆

P .

κ
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Linear inclusions and switched systems

Matrices A1, . . . ,Am ∈ Rn×n.

Switched system

xk = Aσk xk−1, σk ∈ [m]

ρ(A) = minS⊆Rn γ

subject to: Aσ
γ
S ⊆ S, i ∈ [m].

ρSOS-2d(A): for polyset S of degree 2d .

Guarantee

ρ(A) ≤ ρSOS-2d(A) ≤ α2dρ(A)

α2 =
√

min(n,m)

α2d = min

((
n + d − 1

d

)
,m

) 1
2d

.

Labelled graph G(V ,E).

Constrained switched system

xk = Aσk xk−1, (uk−1, uk , σk) ∈ E

ρ(G ,A) = minSu⊆Rn,u∈V γ

subject to: Aσ
γ
Su ⊆ Sv , (u, v , σ) ∈ E .

ρSOS-2d(G ,A): for polysets Su of

degree 2d .

Guarantee

ρ(G ,A) ≤ ρSOS-2d(G ,A) ≤ α2dρ(G ,A)

α2 =
√

min(n, 2h(E))

α2d = min

((
n + d − 1

d

)
, 2h(E)

) 1
2d

.
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Conic duality

Infeasibility certi�cate µσ for polysets → invalid for generic set program.

Rounding procedure generates backward switching sequence:

If atomic, take x0:

σk+1 = argmax
σ

µσ({xk/∥xk∥2}), xk+1 = Aσk+1xk

Guarantee

lim
k→∞

∥Aσ1 · · ·Aσk ∥
1
k = ρ(G ,A) = ρSOS-2d(G ,A).

Else, take p0(x) SOS:

σk+1 = argmax
σ

⟨µσ, pk(x)⟩, pk+1(x) = pk(Aσk+1x)

Guarantee

2−
h(E)
2d ρSOS-2d(G ,A) ≤ lim

k→∞
∥Aσ1 · · ·Aσk ∥

1
k ≤ ρ(G ,A) ≤ ρSOS-2d(G ,A).
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Geometric duality



Geometric duality

Discrete-time

CSi ⊆ ESj .

Inequality with support function or polar:

∀z ∈ Rr , δ∗(C⊤z |Si ) ≤ δ∗(E⊤z |Sj)

∀z ∈ Rr , g(S◦
i ,C

⊤z) ≤ g(S◦
j ,E

⊤z).

Continuous time

∀x ∈ ∂Si ,Cx ∈ ETSi (x).

Inequality with support function or polar:

∀z ∈ Rr , ⟨z ,C∇δ∗(E⊤z |Si )⟩ ≤ 0

∀z ∈ Rr , ⟨z ,C∇ g(S◦
i ,E

⊤z)⟩ ≤ 0.
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Examples

Primal space Dual space

Example 40, Example 42 7



Controlled invariant set

Discrete-time

xk+1 = Axk + Buk .

Controlled invariance of S:

∀x ∈ S,∃u,Ax + Bu ∈ S.

Equivalent to

πIm(B)⊥S ⊆ πIm(B)⊥AS.

Continuous time

ẋ(t) = Ax(t) + Bu(t).

Controlled invariance of S:

∀x ∈ ∂S, ∃u,Ax + Bu ∈ TS(x).

Equivalent to

∀x ∈ ∂S, πIm(B)⊥Ax ∈ πIm(B)⊥TS(x).
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Applications



Model Predictive Control

v0 v1 v2

d1 d2
15.6
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Stochastic Programming

No relatively complete recourse:

� feasibility cuts or

� penalization.

→ Slow down Stochastic Dual Dynamic

Programming.

Feasibility part of stochastic program → hybrid

control algebraic system.

Controlled invariant set ensures relatively

complete recourse.
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Information Theory

Invariant under inner- and self-adhesivity.

iaJ,K |I (h) = { g ∈ En′ | ∀I ⊆ L ⊆ J ∩ K , gL = hL∩J + hL∩K − hI }, I = J ∩ K ,

saJ|I (h) = { g ∈ En′ | ∀I ⊆ L ⊆ J ′ ∩ K , gL = hL∩J′ + hL∩K − hI }, I ⊆ J,

Generate feasibility cuts with Dual Dynamic Programming.
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Conclusion

� Set programs allow to model many important problems.

� Guarantees for templates can be developed for subclasses.

� Infeasibility certi�cate for a template may be rounded.

� Geometric similarities of di�erent templates.

� Geometric duality enable reformulation in functional inequality.
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