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Algebraic approach: uncontrolled system

Linear system with A € R™":
X = Ax.

Ellipsoid
Ep={xeR"|xTPx<1}.

Nagumo condition:
xTPAx <0,Vx e R".

LMI:
ATP+PA<O.



Algebraic approach: control system

Linear control system with A € R™", BIR"*"u:
x = Ax + Bu.
Nagumo condition:
Vx € R™,Ju e R™,x"P(Ax+Bu) <0
Linear state feedback u(x) = Kx, x = (A + BK)x, BMI:
ATP+PA+KTBTP+PBK <0.
Change of variables Q := P~1and Y:=KQ, LMI

QAT +AQ+YTBT +BY <0.



Algebraic approach: higher degree (Prajna et al. 2004)

Polyset {x | X[Td]Px[d] < 1}, u(x) = Ky (x)x + K3 (x)X[a],
X = Ax + BK1(x)x + BK>(x)x(q)
X[—(rj]PM(X)BKz(X)X[d] +x1 PF(x)x

[d]
X[d] X[d]
X x|

VxeR", 2PM(x)BKs5(x) PF(x)
FT(x)P 0

T[PM(x)BKx(x) PF(x)
0 0

<0

VxeR",
FT(x) 0

2M(x)BY (x) F(x)l -0



Linear system x = —x and invariant set {x | x* < 1}. This holds

T -

But this matrix is indefinite for x = O:

0 -2x
-2x 0



Controlled invariant set

Continuous time

x(t) = Ax(t) + Bu(t).
Vx € dS,du, Ax + Bu € Tg(x).

Vx € ds, T(“—n(B)J_AX € Tm(B)+ TS(X)'



1

Continuous-time controlled invariance

Vx € dS, Cx € ETg(x).

Inequality with support function or polar:

Vze R, (z,CVS(ETz|S)) <0
VzeR',(z,CVg(S°, ETz))<O.

Proof

Vx € dS,Vz e (ETs(x))°,{(z,Cx) <0
Vx € dS,Vze E~"Ng(x),{z,Cx) <0 Ts(x)° = Ng(x)
Vze R, Vx€Fs(ET2),(z,Cx)<0 x€Fp(y) ey e No(x)
VzeR",(z,CVS*'(ETz|S)) < 0.
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Control system with x € [-1,1]%, u € [-1,1]:
. (0 1 0
%= x+| . |u
00 1

Control system with x € [-1,1]3, u unconstrained:

0O 1 0 0
x=]10 0 1|x+|O0O}u.
0O 0O 1

Algebraic system with x € [-1,1]3:

100 010
010 001



Gauge or Minkowski function
g(S,x) = myin{y: xeyS,y>0}

Face fan or polytope
Face fan of polytope S is P; s.t.

g(S, x) = max(a;, x) = (a;, x) if x e P;
ie[m]

,x)=(aj,x) if xeP, polytope of fixed face fan

(S, x)

(S,x) =/xTQx ellipsoid
g(S,x) =/xTQ;x if xeP; piecewise semi-ellipsoid

(S, x)

= Yp(x) poly(nomial sublevel )set



Solutions
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