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Algebraic approach: uncontrolled system

Linear system with A ∈�n×n :

ẋ = Ax .

Ellipsoid
EP = {x ∈�n | x⊤Px ≤ 1 }.

Nagumo condition:

x⊤PAx ≤ 0,∀x ∈�n .

LMI:
A⊤P + PA ⪯ 0.
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Algebraic approach: control system

Linear control system with A ∈�n×n ,B�n×nu :

ẋ = Ax +Bu .

Nagumo condition:

∀x ∈�nx ,∃u ∈�nu ,x⊤P (Ax +Bu) ≤ 0

Linear state feedback u(x) = Kx , ẋ = (A +BK )x , BMI:

A⊤P + PA +K⊤B⊤P + PBK ⪯ 0.

Change of variables Q := P−1 and Y := KQ , LMI

QA⊤ +AQ +Y⊤B⊤ +BY ⪯ 0.
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Algebraic approach: higher degree (Prajna et al. 2004)

Polyset {x | x⊤[d ]Px[d ] ≤ 1 }, u(x) = K1(x)x +K2(x)x[d ],

ẋ = Ax +BK1(x)x +BK2(x)x[d ]

x⊤[d ]PM (x)BK2(x)x[d ] + x⊤[d ]PF (x)xx[d ]

x

⊤ PM (x)BK2(x) PF (x)
0 0

x[d ]

x

 .
∀x ∈�n ,

2PM (x)BK2(x) PF (x)
F⊤(x)P 0

 ⪯ 0

∀x ∈�n ,

2M (x)BY (x) F (x)
F⊤(x) 0

 ⪯ 0
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Example

Linear system ẋ = −x and invariant set {x | x4 ≤ 1 }. This holdsx2

x

⊤ 0 −2x
0 0

x2

x

 = −x4

But this matrix is indefinite for x , 0: 0 −2x
−2x 0


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Controlled invariant set

Continuous time

ẋ(t) = Ax(t) +Bu(t).

∀x ∈ �S ,∃u ,Ax +Bu ∈ TS (x).

∀x ∈ �S ,áIm(B )⊥Ax ∈ áIm(B )⊥TS (x).
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Continuous-time controlled invariance1

∀x ∈ �S ,Cx ∈ ETS (x).

Inequality with support function or polar:

∀z ∈�r ,⟨z ,C∇Ö∗(E⊤z |S)⟩ ≤ 0

∀z ∈�r ,⟨z ,C∇g(S◦,E⊤z)⟩ ≤ 0.

Proof

∀x ∈ �S ,∀z ∈ (ETS (x))◦,⟨z ,Cx⟩ ≤ 0

∀x ∈ �S ,∀z ∈ E−⊤NS (x),⟨z ,Cx⟩ ≤ 0 TS (x)◦ = NS (x)

∀z ∈�r ,∀x ∈ FS (E⊤z),⟨z ,Cx⟩ ≤ 0 x ∈ FC(y)⇔ y ∈ NC(x)

∀z ∈�r ,⟨z ,C∇Ö∗(E⊤z |S)⟩ ≤ 0.

1L. and Jungers, Geometric control of algebraic systems, ADHS 2021
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Example

Control system with x ∈ [−1,1]2, u ∈ [−1,1]:

ẋ =

0 1
0 0

x +

0
1

u
Control system with x ∈ [−1,1]3, u unconstrained:

ẋ =


0 1 0
0 0 1
0 0 0

x +


0
0
1

u .
Algebraic system with x ∈ [−1,1]3:1 0 0

0 1 0

 ẋ =

0 1 0
0 0 1

x
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Templates

Gauge or Minkowski function

g(S ,x) ≜min
Õ
{Õ : x ∈ ÕS ,Õ ≥ 0 }

Face fan or polytope
Face fan of polytope S is Pi s.t.

g(S ,x) = max
i∈[m]
⟨ai ,x⟩ = ⟨ai ,x⟩ if x ∈ Pi

g(S ,x) = ⟨ai ,x⟩ if x ∈ Pi polytope of fixed face fan

g(S ,x) =
√
x⊤Qx ellipsoid

g(S ,x) =
√
x⊤Qix if x ∈ Pi piecewise semi-ellipsoid

g(S ,x) = 2d
√
p(x) poly(nomial sublevel )set
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Solutions
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