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Ellipsoidal invariant sets through gauge function

function
S={x|g(S,x) <1}

Inclusion:

SCT & Vx,g(S,x) > g(T, ).

Linear :
g(A™'S, x) = g(S, Ax).

1 g(S,x) = vxT Qx.

Autonomous system
Classical LMI for stability:

Xkt+1 = Axk
ASCS
SCA'S
g(S,x) > g(A™S, x)
g(S,x) > (S, Ax)
Q= ATQA



Control invariant set: Algebraic approach

Discrete-time control system

Xk+1 = Axk + Bug.

Controlled invariance of S:

Vx € §,3u,Ax + Bu € S.

Linear state feedback

u(x) = Kx — autonomous

system:
Xk+1 = (A —+ BK)Xk.

From previous slide:

= (A+ BK)T Q(A+ BK).

matrix inequality!

Schur complement

(A+BK)'Q| 4
(A+ BK) -
matrix inequality!
Change of variables
Q 'and Y :=KQ .
T TRT
A +Y'B - 0.

A +B

matrix inequality!

How to generalize this for other sets ?



Need for piecewise

Q263



Piecewise semi-ellipsoids and polarity

Xy

. (x+y)? 0 < x,,
x? if0<y<x, X2+ y? if x <0<y,
% ifo<x<y, x2 if x <y <0,
X2+ y? if x <0<y, y? if y <x,2x < —y,
(x+y)? if x,y <0, %(X2+Xy+y2) if 2x > —y,x < =2y,
x2—xy+y? ify<0<x. X2 fss By =0




function

h(S,y) =supy ' x
xES

= g(sovx)

Inclusion:
SCT & Vy,h(S,y) <h(T,y).

Linear : h(AS,y) =h(S,A"y).

g(S,x) = VxT Qx
_ /oy

Control invariance and algebraic invariance through support function

system

Xk+1 = Axk + Bu.

Controlled invariance of S:

Vx € §,3u,Ax + Bu € S.
Equivalent to

T

m(B)LS C Mim(g)L AS
h(S,Tr,m Ly)<h(SA 7r|m Ly)

system

7l'|m(B)L Xk+1 = 7T|m(B)l AXk.

Tim(8) - @' Tim(g)> = Mim() L AQ ™ A iy )1



LMI formulation

Piecewise semi-ellipsoid
Fixed polyhedral conic partition P;:

h(S,x) = VxTQix if xeP;

find Qi = 0,u;; € R" such that
x"CQIC x < x"EQE'x,yxe C "PinE P
Vi,je{1,...,m}
VIQVv <1, WEVep(X)NPLVi
Qi — Q = uijnj +njul, Vi jeEN
Qjnj — Qinj € (PiNP;)°, Vi,jeN.



Example

Primal space Dual space
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Conclusion

e Ellipsoids are cheap to compute but conservative.

e Polyhedra representation are expressive but can have huge size in some
regions.
e Piecewise semi-ellipsoids combine advantages of both.

Future work:

e How to obtain conic partition ?

e A few backward propagation of a polytope.
e Refine with dual solution.

e Piecewise polysets (polynomial support function).
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