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Set inclusion
Consider two sets S C R", T C R™, matrices

AcR™*" B e R™™ and vector c € R":

AS +cCBT.

Set program _
Given fixed sets T;, find sets S;:

msgx f(vol(S51),...,vol(Sp))

AJ-SQJ. + ¢ - Bjsbj
S E T

Homogeneous if T; are symmetric around the origin and ¢; = 0.



Homogenization

Non-homogeneous polynomial : x*y? + x?y* +1 — 3x%y?.
Homogenization : x*y? + x?y* + 2% — 3x2y222.
If T; have different centers: Homogenization with new variable

z=1.

T3 N

T, \

Ty )

z=1

We now look for cones K instead of set S.

We replace polar §° with dual K*. 2



Set computation

Pre-image: A71S = {x | Ax € S}, A can be non-singular or
rectangular.

Ellipsoid
Si={x] x'Qix < 1}
AT1S = {x|xTATQiAx <1}
SiCS e Q= Q.

Polynomial sublevel set

Si={x|pi(x) <1}
AT = {x| pi(Ax) <1}
5 C SJ' = p,'(X) > pj(X).



Set inclusions

Simple inclusion

we rewrite into

Polar trick
Inclusion with two linear maps:

ASCBT 4 B lSCAT
If S and T are convex, it is equivalent to

(AS)° 2 (BT)®
A—TSO :_) B—T TO



Controlled invariant set

Linear discrete control system

Xk+1 = Axx + Bug, xx € X,ux € U

Controlled invariant set
Set S C X controlled invariant iff

Vx € §,3u € U such that Ax+ Bu e S

Safe control

e Compute controlled invariant set S C X.
e Replace X by S.



Unconstrained input without loss of generality

Constrained input

Xk4+1 = Axi + Bug, xx € X,u, €U

Lift to unconstrained input: x' = (x, u)
Xk+1 = (A B) x,'(
U1 = U;

where x;, € X' = X x U.



Unconstrained control to algebraic system

Linear Discrete Control System (DTCS)
Xk41 = Axi + Buk, xx € X

Linear Discrete Algebraic System (DTAS)

EXk+1 =Ax,, xx€X

Invariant Set S C X if

VxeS,dyeS: Ey = Ax

Reduction
The set S is controlled invariant for the DTCS iff it is invariant for

the DTAS
|_|Xk+1 =MAx,, xx€ X

where I is a projection on Im(B)*. 7



Computing controlled invariant sets

|
max . vo (S)
MNASs C Mns
ScT
Polar trick:
: (50
min  vo (59)
(MA)-Ts°eon-'s°
SO 2 TO
Suppose T = {x : |(h;,x)| <1}, using ellipsoids
i — log det
o og det(Q)
NAQA™ N <nen’
hlQhi <1 Vi



Safety in control requires

ng horizon

Speed limit changes from 35ms™! to 15.6 ms~! after 30s.

One trailer,

Speed [m/s]

step-size of 0.4s, horizon of 9.25/23 step-sizes:
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Controlled invariant set

o Truck speed safe 23
Truck speed unsafe 23
Truck speed safe 3

Truck acceleration [m/s?]
o

Speed [m/s]
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Water Reservoir

® Nmin < h < hmax : water height [m]

IN

Vinin < V < Vimax : height increase rate [ms™1]

IN

® Umin u

IN

Umax © V increase rate [ms™2]

e h > hmax: Water spills,
ecological damage

e h < hmin: Risk of
electricity shortage

11



Controlled invariant set




Joint Spectral Radius and Switched Systems

Switched Systems
Xk+1 :AUkaa Ok € {1>7m}

Switched System stable <= limy_ 5 xx = 0 Vxg.

13



Joint Spectral Radius and Switched Systems

Switched Systems
Xkt1 = Ao, Xk ok €{1,...,m}.
Switched System stable <= limy_ 5 xx = 0 Vxg.
Joint Spectral Radius (JSR) A= {A;,...,An}
p(A) ==limsup max ||Ag, - AgyAo |5

k—00 U€{1>~~'7m

Switched System stable <= p(A) <1
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Joint Spectral Radius and Switched Systems

Switched Systems
Xkt1 = Ao, Xk ok €{1,...,m}.
Switched System stable <= limy_ 5 xx = 0 Vxg.
Joint Spectral Radius (JSR) A= {A;,...,An}
p(A) ==limsup max ||Ag, - AgyAo |5

k—oo 0€{l,...m
Switched System stable <= p(A) <1

e If m =1, “standard” spectral radius p(A;1) = max; |\;].
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Joint Spectral Radius and Switched Systems

Switched Systems
Xk+1 :AUkaa Ok € {1>7m}
Switched System stable <= limy_ 5 xx = 0 Vxg.

Joint Spectral Radius (JSR) A= {A;,...,An}
p(A) :=limsup max }HAgk o AgyAcy ||

k—oo 0€{l,...m
Switched System stable <= p(A) <1

e If m =1, “standard” spectral radius p(A;1) = max; |\;].
e If m > 2, much more complicated...
e Determining if p(A) < 1is NP-hard (Tsitsiklis & Blondel

1997).
e Determining if p(A) < 1is undecidable (Blondel & Tsitsiklis

2000).
13



Joint Spectral Radius and Invariant Sets

Invariant Set
A,S€S,oef{l,...,m}

Example
: 05 0
m =1, A; = Rotation(90°) x 3 3

Y
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Invariant Set
A,S€S,oef{l,...,m}

Example
: 05 0
m =1, A; = Rotation(90°) x 3 3
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Jinvariant set for A1 /7,...,An/y = p(A) <~



Joint Spectral Radius and Invariant Sets

Invariant Set
A,S€S,oef{l,...,m}

Example
: 05 0
m =1, A; = Rotation(90°) x 3 3

Y

Jinvariant set for A1 /7,...,An/y = p(A) <~

Jinvariant set for A1 /7,...,An/y <= p(A) <~y



SOS-2d invariant sets

Can compute invariant sets using Sum of Squares Programming
(SOS) : S = {x: p(x) <1} where p(x) homogeneous SOS degree
2d.

P.A. Parrilo and A. Jadbabaie, Approximation of the joint spectral radius using sum of

squares, Linear Algebra and its Applications, Vol. 428, No. 10, pp. 2385-2402, 2008. 05



SOS-2d invariant sets

Can compute invariant sets using Sum of Squares Programming
(SOS) : S = {x: p(x) <1} where p(x) homogeneous SOS degree
2d.

Guarantee

(A) inf ~
PS0S-2d =
s.t. 3 SOS-2d invariant set for Ay /7, ..., Am/y

0”2 psos-24(A) < p(A) < psos-24(A)
where 17 = min {m, (”Jrgfl)} and A, € R™".
As d — oo, n_$—>0.
P.A. Parrilo and A. Jadbabaie, Approximation of the joint spectral radius using sum of

squares, Linear Algebra and its Applications, Vol. 428, No. 10, pp. 2385-2402, 2008. 05



Measures

Measures 1 defined on the sphere
S"h={x:|xll2=1}

For B € S"1, u(B) is measure of B.

atomic < sum of Diracs

amplitude in drawing represents

e mass of atom for atomic measure,
e density otherwise.

T -

(5(0,1) 25(071) 0.55(170) 2(5(0,1) + 0.55(170)

[=)}



Transfer/Frobenius-Perron operator and push-forward mea-

sure

Usual definition:
(A#u)(B) = (A71(B))

Problem: S"~1 not invariant under A,.

Solution: Alternative definition:
/Sl f(x)(A#u)(dx) = /S » f(Ax)p(dx) Vf.

Example

A1 = Rotation(90°) x 050
0 2

L _—

I A#u 17



Periodic trajectory

Periodic trajectory of growth rate ~:

dx;, 1 < i < k, such that:

Example

A = Rotation(90°) x

(

0

’ykxo = Akxo

IXit1 = AX;

05 0
5]

X():(].,O), k=4

X1

Xp = X4

X2

X3

18



Periodic trajectory as atomic measure |

Equivalent to:
’75Xk+1 = A#(Sxk

05 0

xo=(1,0), k=4
0 2) % = (1,0)

Example
A = Rotation(90°) x (

0.55(071)

0(1,0)

d(-1,0)

19



Periodic trajectory as atomic measure Il

Convexification: Find g such that for all k =1,...

Yhkt+1 = AF k.
Project the time:
Y = A#p.
Example
. 05 0
A = Rotation(90°) x 0 o) %= (1,0), k=4

p = A#p 20



Periodic trajectory as atomic measure Il

V(1 + p2) = Ar#pn + AcFpo.

periodic trajectory of growth rate v <+ atomic measures.

Example

pa(x)  p2(x) 2(p1(x) + p2(x)) Ar#tur + Axdpe

21



Joint Spectral Radius and Invariant Measures

Theorem
Let py, 0 =1,..., m, be measures on S"1 that satisfies

m m
Z Asttlie >y Z Ko s
o=1 o=1

and at least one of the expectations is nonzero.

Then p(A) > .

22



SOS-2d invariant measures

Moments 1 of degree 2d. Can write constraint
(i, p(x)) = / p(x)dp >0, Vp(x) SOS of degree 2d.
§n—1

as Semidefinite Programming constraint.

Dual to invariant sets program.

23



SOS-2d invariant measures

Moments 1 of degree 2d. Can write constraint
(i, p(x)) = / p(x)dp >0, Vp(x) SOS of degree 2d.
§n—1

as Semidefinite Programming constraint.
Dual to invariant sets program.

e Can detect when moments of atomic measures and recover
atoms by solving an algebraic system. The moments are
computed numerically with errors around 107, currently doing
Grobner basis computation in double precision floating point
numbers in Julia. We should try HomotopyContinuation.jl.

e relaxation: can have moments of no measure ! But...
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SOS-2d invariant measures

Moments 1 of degree 2d. Can write constraint

(i, p(x)) = /S . p(x)dp >0, Vp(x) SOS of degree 2d.
as Semidefinite Programming constraint.
Dual to invariant sets program.

e Can detect when moments of atomic measures and recover
atoms by solving an algebraic system. The moments are
computed numerically with errors around 107, currently doing
Grobner basis computation in double precision floating point
numbers in Julia. We should try HomotopyContinuation.jl.

e relaxation: can have moments of no measure ! But...
pseudo-measure

(R, p(x)) =0, Vp(x) SOS.
23



Making a liar tell the truth

If atomic, take xg:

o1 = arg max po ({xk/[1xkl[2});  Xk41 = Aoy Xk

Example
0 2 0 0
S I
() ) 2m0) ) Ak + At

If pseudo-measure, take pg(x) SOS:
Okt1 = argmax(o, (X)), Pk+1(x) = Pr(Agy i1 %)
g

Note: Switching built backward! .



Infinite backward sequence

Guarantee

1 . 1
mfﬂpsos_zd(A) < kll—>ngoHA01 T AO’kH k< /)(A) < p505-2d(A)'

If sequence periodic — can compute growth rate

B. L., R.M. Jungers and P.A. Parrilo, Generating unstable trajectories for Switched
Systems via Dual Sum-Of-Squares techniques, Proceedings of the 19th International

Conference on Hybrid Systems: Computation and Control, ACM, pp. 51-60, 2016.
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Constraint Joint Sectral Radius

For set program with several S;, consider the graph where nodes are S;
and edges are constraints A, S, C Sbj

Allowed switching sequences 01,02, ... <> paths of graph.

P(A)_%Psos-zd(G,A) < kIme|’AUI . 'AokH% < p(G,A) < psos-24(G, A).

where A is adjacency matrix of the graph.

26



Conclusion

e Set programs can be solved using sum of squares programming
e This can be used to compute controlled invariant sets.

e With simple inclusion and homogeneity, infeasibility can be
certificied using the dual.
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