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Motivating application

Simulation error ⇐⇒ Dynamical system1
ẋ = AxEuler method:

xk+1 = xk +hAxk

Midpoint method:
xk+1 = xk +hA (xk +

h
2
Axk )

⇐⇒

Euler method:
ek+1 = (I +hA )ek + elocal

Midpoint method:
ek+1 =

(
I +hA +

h
2
A2

)
ek + elocal

What happens if we switch between the methods or step sizes ?Can we detect “bad” switching sequences ?

1Based on joint work with Cláudio Gomes from the University of Antwerp 1
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Motivating example

Consider
A =

0 2
0 0

 B =

0 0
2 0


We have

A ·A ·A · · · = 0, B ·B ·B · · · = 0,

(in fact, A and B are nilpotent, so A2 = B2 = 0), but...

|| A ·B ·A ·B ·A ·B · · ·| |=∞ (!)

The asymptotic growth rate of this sequence is 2, i.e.
lim
k→∞
|| (A ·B )

k
2 | |

1
k = 2

2
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Joint Spectral Radius and Switched Systems

Switched Systems
xk+1 = Aãk

xk , ãk ∈ {1, . . . ,m}.Switched System stable ⇐⇒ limk→∞ xk = 0 ∀x0.

Joint Spectral Radius (JSR) A = {A1, . . . ,Am }
â(A) := limsup

k→∞
max

ã∈{1,...,m}
|| Aãk

· · ·Aã2
Aã1
| |1/k .

Switched System stable ⇐⇒ â(A) < 1• If m = 1, “standard” spectral radius â(A1) = maxi |Ýi |.

• If m ≥ 2, much more complicated...

• Determining if â(A) < 1 is NP-hard (Tsitsiklis & Blondel1997).• Determining if â(A) ≤ 1 is undecidable (Blondel & Tsitsiklis2000).

3
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Joint Spectral Radius and Invariant Sets

Invariant Set
Aãx ∈ S , ∀x ∈ S ,ã ∈ {1, . . . ,m}

Example
m = 1, A1 = Rotation(90◦)×

0.5 0
0 2


A1A1

∃ invariant set for A1/Õ, . . . ,Am /Õ =⇒ â(A) ≤ Õ

∃ invariant set for A1/Õ, . . . ,Am /Õ ⇐= â(A) < Õ

4
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SOS-2d invariant sets

Can compute invariant sets using Sum of Squares Programming(SOS) : S = {x : p(x) ≤ 1 } where p(x) homogeneous SOS degree
2d .

Guarantee

âSOS-2d (A) =
inf Õs.t. ∃ SOS-2d invariant set for A1/Õ, . . . ,Am /Õ

Ù−
1

2d âSOS-2d (A) ≤ â(A) ≤ âSOS-2d (A)

where Ù = min
{
m ,

(n+d−1
d

)} and Aã ∈�n×n .
As d →∞, Ù− 1

2d → 0.

P.A. Parrilo and A. Jadbabaie, Approximation of the joint spectral radius using sum ofsquares, Linear Algebra and its Applications, Vol. 428, No. 10, pp. 2385–2402, 2008. 5
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Measures

Measures Þ defined on the sphere
�
n−1 = {x : || x | |2= 1 }For B ∈ �n−1, Þ(B ) is measure of B .atomic ⇔ sum of Diracsamplitude in drawing represents• mass of atom for atomic measure,• density otherwise.

Ö(0,1) 2Ö(0,1) 0.5Ö(1,0) 2Ö(0,1) + 0.5Ö(1,0) Uniform 6



Transfer/Frobenius-Perron operator and push-forward measure

Usual definition:
(A#Þ)(B ) = Þ(A−1(B ))Problem: �

n−1 not invariant under Aã .Solution: Alternative definition:∫
�
n−1

f (x)(A#Þ)(dx) =
∫
�
n−1

f (Ax)Þ(dx) ∀f .

Example

A1 = Rotation(90◦)×
0.5 0

0 2



Þ A#Þ 7



Periodic trajectory

Periodic trajectory of growth rate Õ:
Õkx0 = Akx0

∃xi , 1 ≤ i ≤ k , such that:
Õxi+1 = Axi

Example
A = Rotation(90◦)×

0.5 0
0 2

, x0 = (1,0), k = 4

x0 = x4

x1

x2

x3 8



Periodic trajectory as atomic measure I

Equivalent to:
ÕÖxk+1

= A#Öxk

Example
A = Rotation(90◦)×

0.5 0
0 2

, x0 = (1,0), k = 4

Ö(1,0)

0.5Ö(0,1)

Ö(−1,0)

0.5Ö(0,−1)

9



Periodic trajectory as atomic measure II

Convexification: Find Þk such that for all k = 1, . . .

ÕÞk+1 = A#Þk .Project the time:
ÕÞ = A#Þ.

Example
A = Rotation(90◦)×

0.5 0
0 2

, x0 = (1,0), k = 4

Þ = A#Þ 10



Periodic trajectory as atomic measure III

Õ(Þ1 +Þ2) = A1#Þ1 +A2#Þ2.

periodic trajectory of growth rate Õ ↔ atomic measures.
Example

A1 =

0 2
0 0

 A2 =

0 0
2 0



Þ1(x) Þ2(x) 2(Þ1(x) +Þ2(x))
=

A1#Þ1 +A2#Þ2

11



Joint Spectral Radius and Invariant Measures

TheoremLet Þã , ã = 1, . . . ,m , be measures on �
n−1, that satisfies

m¼
ã=1

Aã#Þã ≥ Õ
m¼
ã=1

Þã ,

and at least one of the expectations is nonzero.Then â(A) ≥ Õ.

12



SOS-2d invariant measures

Moments Þ̃ of degree 2d . Can write constraint
⟨Þ̃,p(x)⟩ =

∫
�
n−1

p(x)dÞ̃ ≥ 0, ∀p(x) SOS of degree 2d .

as Semidefinite Programming constraint.Dual to invariant sets program.

• Can efficiently detect when moments of atomic measures.• relaxation: can have moments of no measure ! But...

pseudo-measure
⟨Þ̃,p(x)⟩ ≥ 0, ∀p(x) SOS.

13
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Making a liar tell the truth

If atomic, take x0:
ãk+1 = argmax

ã
Þã({xk / || xk | |2}), xk+1 = Aãk+1

xk
Example

A1 =

0 2
0 0

 A2 =

0 0
2 0



Þ1(x) Þ2(x) 2(Þ1(x) +Þ2(x))
=

A1#Þ1 +A2#Þ2If pseudo-measure, take p0(x) SOS:
ãk+1 = argmax

ã
⟨Þã ,pk (x)⟩, pk+1(x) = pk (Aãk+1

x)

Note: Switching built backward! 14



Infinite backward sequence

Guarantee
m−

1
2d âSOS-2d (A) ≤ lim

k→∞
|| Aã1

· · ·Aãk
| |

1
k ≤ â(A) ≤ âSOS-2d (A).

If sequence periodic → can compute growth rate
B. L., R.M. Jungers and P.A. Parrilo, Generating unstable trajectories for SwitchedSystems via Dual Sum-Of-Squares techniques, Proceedings of the 19th International

Conference on Hybrid Systems: Computation and Control, ACM, pp. 51–60, 2016.

15



Constraint Joint Sectral Radius

Allowed switching sequences ã1,ã2, . . . ↔ paths ofgraph/automaton.
â(A )−

1
2d âSOS-2d (G ,A) ≤ lim

k→∞
|| Aã1

· · ·Aãk
| |

1
k ≤ â(G ,A) ≤ âSOS-2d (G ,A).

where A is adjacency matrix.

16



Implementation

JuliaOpt

SwitchedSystems.jl*
PolyJuMP.jl*(1)

JuMP.jl
SumOfSquares.jl*(1)

MultivariatePolynomials.jl*(1)

MathProgBase.jl

Mosek.jl

SCS.jl CSDP.jl*(2)

SDPA.jl*

• Separate Juliapackages.• Can be usedindependently.
* New
(1) Joint work with Robin Deits, Joey Huchette, Chris Coey and Amelia Perry of MIT
(2) Joint work with Elias Kuthe of Universität Duisburg Essen 17



Conclusion

Results• Lower bound certificate using measures.• Detection of atomic measures and extraction of periodictrajectory.• Algorithm for producing guaranteed high-growth sequences.• Guarantee depending on topology of the automaton.• Convex program provides both upper and lower bounds.
Open questions• Improved guarantees? What is best possible?• Is the sequence always periodic for a fixed d ? Can webound the period ?

18



Why is it a relaxation ?The Semidefinite Programming constraints on the trunctated moments of
Þã are necessary for the existence of a measure with those moments, andany value of the moments of higher degree (not necessarily 0).In the Common Quadratic Lyapunov Function case, i.e. 2d = 2, thoseconditions are necessary and sufficient.• For every truncated moments, we can find a Þã that has thesemoments.• And there exists a slack variable Þslack such that

m¼
ã=1

�Þã
[p(Aãx)]−Õ2d

m¼
ã=1

�Þã
[p(x)] = �Þslack

,∀p(x) ∈ Î2d,

so
m¼
ã=1

AãÞã −Õ2d
m¼
ã=1

Þã = Þslack

19
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m¼
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�Þã
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,∀p(x) ∈ Î2d,
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m¼
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AãÞã −Õ2d
m¼
ã=1

Þã has the same trunctated moments than Þslack19



Adjacency matrix

1

2
3 4

1
32 1

2
3

4

1
1

â(A ) = lim
k→∞
|| Ak | |1/k .

A =


0 1 1 0
1 0 1 0
1 1 1 1
0 0 1 0

 . 20
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