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Switched Systems

xk+1 = Aãk
xk

where
Aãk
∈M⊆�

n×n .
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â = lim

k→∞
max|| Aãk

· · ·Aã1
| |1/k .

ã1, . . . ,ãk is a path.
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Constrained Switched Systems

xk+1 = Aãk
xk

where
Aãk
∈M⊆�

n×n .

1

2

3 4
1

32 1
2

3
4

1
1

Constrained Joint Spectral Radius
â = lim

k→∞
max|| Aãk

· · ·Aã1
| |1/k .

ã1, . . . ,ãk is a path.
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Adjacency matrix
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â(A) = lim
k→∞
|| Ak | |1/k .

A =


0 1 1 0
1 0 1 0
1 1 1 1
0 0 1 0

 . 2
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Contribution

Current guarantee(
n +d −1

d

)− 1
2d

âSOS,2d ≤ â ≤ âSOS,2d .

New guarantee
â(A)−

1
2d âSOS,2d ≤ â ≤ âSOS,2d .

New algorithm generating a sequence ã1, . . . ,ãk such that
â(A)−

1
2d âSOS,2d ≤ lim

k→∞
|| Aã1

· · ·Aãk
| |

1
k ≤ â.
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Computing upper bounds using Sum
of Squares Programming



Upper bounds for â
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u→ã v || Aãx | |v≤ Õ|| x | |u .
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Is it enough ?
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Is it enough ? YES

[Philippe et al. 2015]For any × > 0, there exists a set of norms { || ·| |v : v ∈ V } such that
|| Aãx | |v≤ (â+ ×)|| x | |u

holds for all edge (u ,v ,ã) ∈ E .
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Why norms ?

• Homogeneous,• Positive,• Convex
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Why norms ?

• Homogeneous,• Positive,• Convex not needed
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Homogeneous positive polynomial

(x21 − x
2
2 )

2 + ê(x21 + x22 )
2 7



Sum of Squares relaxation [Parrilo and Jadbabaie 2008]

Barvinok’s theorem
∀|| ·| |, ∃p(x) SOS degree 2d such that

p(x)
1
2d ≤ || x | |≤

(
n +d −1

d

) 1
2d

p(x)
1
2d .

|| Aãx | |v≤ Õ|| x | |u→ pv (Aãx) ≤ Õ2d
(
n +d −1

d

)
pu (x)

More tricky

Õ2d
(
n +d −1

d

)
pu (x)− pv (Aãx) is SOS ?
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Lyapunov functions

Node 1 Node 2 Node 3 Node 4
2d = 2

2d = 4

2d = 12
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SOS Program

infÕ

pv (x) is SOS ∀v ∈ V
Õ2dpu (x)− pv (Aãx) is SOS ∀(u ,v ,ã) ∈ E .
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Pseudo-measure

⟨�̃,p(x)⟩ = �̃[p(x)] =
∫
�
n−1

p(x)dÞ̃ ≥ 0.

∀p(x) SOS.
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Dual constraint: More flow in than out

¼
(u ,v ,ã)∈E

�̃uvã[p(Aãx)] ≥ Õ2d
¼

(v ,w ,ã)∈E
�̃vwã[p(x)], ∀v ∈ V ,p(x) SOS,

v
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�̃1v1[p(A1x)] + �̃2v2[p(A2x)] ≥ Õ2d (�̃v33[p(x)] + �̃v44[p(x)] + �̃v55[p(x)]),
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Generating high growth sequences



Building a high growth sequence

¼
(u ,v ,ã)∈E
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¼
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�̃1v11[p(A1x)] + �̃2v12[p(A2x)] ≥ Õ2d
�̃v1v0ã0

[p(x)],

�̃v2v1ã1
[p(A1x)] ≥

1
2
Õ2d

�̃v1v0ã0
[p(x)].
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Choice of polynomial

p0(x) random.
pk+1(x) = pk (Aãk

x) = p0(Aã1
· · ·Aãk

x)

p0(x)

p0(Aã1
x)

p0(x) 4 5

2

ã1

ã0

2
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Guarantee on sequence produced

Let
Úk ≜ �̃vk+1vkãk

[p0(Aã1
· · ·Aãk

x)].We have
Úk ≥

Õ2d

d−(vk )
Úk−1.

Õ

|| A⊤| |
1
2d
∞

≤ lim
k→∞
|| Aã1

· · ·Aãk
| |

1
k .
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Let’s try it
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2d = 2

3→2 1→1 3→2 1→3 1→1 3→1 3→1 3→1 3→1 3

0.97289

16



Let’s try it
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2d = 12

3→2 1→1 3→2 1→3 2→1 3→1 3→1 3→1 3

0.97482
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Improvement

v1

v0

? ?
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Improvement

v1

v0

? ? ? ? ?
? ?
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Improved guarantee

With horizon l :
Õ

|| [A⊤]l | |
1
2dl
∞

≤ lim
k→∞
|| Aã1

· · ·Aãk
| |

1
k
2 .
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Let’s try it

1

2

3 4
1

2

1
3 12

3
4
1

2d = 2, l = 3

3→2 1→1 3→2 1→3 2→1 3→1 3→1 3→1 3

0.97482
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Guarantee for the upper bound

As l →∞,
â(A)−

1
2d âSOS,2d ≤ lim

k→∞
|| Aã1

· · ·Aãk
| |

1
k ≤ â ≤ âSOS,2d .

Improving the lower bound:
• Use A(G ′) where edges of 0 dual variable are removed.• Find lower bound in an high growth rate sequence produced.
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Conclusion



Conclusion

Results• Algorithm producing sequence of growth rate asymptoticallyclose to â.• Guarantee on the “closeness” depending on d and â(A).• Provides improved lower bounds.
Open questions• Can we improve guarantee, e.g. using n ?• Is the sequence always periodic for a fixed d ? Can webound the period ?
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